Z. Fiiredi and D. Kleitman proved that if an integer weight is assigned to each edge of a complete graph on p + I vertices, then there is a spanning tree whose edges have weights summing to zero modulo p . This result has a number of conjectured extensions; and in this paper we prove some of them when p is prime. In particular, we prove that for any graph G and prime p , if integer weights can be assigned to the edges of G so that no spanning tree has weights summing to zero modulo p , then such a weighting can be chosen that is (0, I)-valued. We also prove that, under appropriate hypotheses, there are many spanning trees, all with different total weight modulo p . Matroid extensions of these last results generalize theorems from additive number theory.
Introduction
The following theorem is due to Z. Fiiredi and D. Kleitman [4] . THEOREM 1.1. Let r be an abelian group of order p, and let w : E(Kp+I) ---. r be a function. Then there is a spanning tree T of Kp+I such that w( T) = 0.
(Kn denotes the complete graph with n vertices; w(T) means L:eEE(T) w(e), where the summation is in r.)
This settled affirmatively a conjecture of Bialostocki and Dierker [l], who proved Theorem 1.1 for p prime. Theorem 1.1 has given rise to several attempted generalizations. For instance, the second author proposed the following (see [4] ). CONJECTURE 1.2. Let r be an abelian group of order p, let G be a pconnected graph with [V(G)I = I (modp), and let w : E(G) ---. r be a function. Then there is a spanning tree T of G such that w(T) = 0. This is currently still open, even for r cyclic. A stronger conjecture, as we shall show in Section 3, is the following. IA n E(T)I = 0 (modp). and let w: E(G) -r be a function. Then there is a spanning tree T of G with w ( T) = 0. Conjecture 1.3 would also imply CONJECTURE 1.4. Let p 2 1 , and let G be a graph. If there is a function w : E ( G) -ZP such that w ( T) =f. 0 for every spanning tree T, then there is such a function that is ( 0, 1 )-valued.
(ZP denotes the additive group of integers modulo p .)
Our objective in this paper is to prove Conjecture l.3 (and hence Conjectures l.2 and 1.4) when p is prime. In fact, we think we can prove it when p is a prime power or a product of two primes, but if those results are correct they will be published elsewhere. Sections 2 and 3 contain the proof of Conjecture 1.3, while in Section 4 we discuss a possible extension to the nonprime case.
Since all these questions are capable of formulation in matroid terms, and since all our proofs work just as well for matroids as for graphs, it seems natural to work in terms of matroids for greater generality and clarity. We assume a knowledge of elementary matroid theory; for an introduction and for all undefined terms, see [8] .
Bases of different weight
If M is a matroid, we denote its set of elements by E(M), and the rank of a subset X ~ E(M) by rk(X), or rkM(X) in cases of ambiguity. We write rk(M) for rk(E(M)). Let M be a matroid, r an abelian group, and w : (A+ B denotes {a+ b: a EA, b E B} .) PROOF OF THEOREM 2.1. We proceed by induction on rk(M). If rk(M) = 0 then the result is trivial, and so we may assume that rk(M) :?:
(1) For every base B of M with f E B, and for every g EI, w(B) + g-
For this is trivial if g = w(f), and so we assume that g f.
Since e EC -{f} ~ w-1 (g) it follows that w(e) = g; and since e ED it follows that B' = (B-{f})U{e} isa base. But w(B') = w(B)+w(e)-w(f), and the claim follows.
is a base of M and f E B}.
(2) IAI ~ N -III+ 1.
For let M' be the matroid obtained by contracting f; thus, o We shall use Theorem 2.1 to prove our main result, but it has some other pretty consequences, which we shall discuss now before continuing the main proof. We remark first that Theorem 2.1 is a generalization of the Cauchy-Davenport theorem, Theorem 2.2. For given A, B as in Theorem 2.2, let M be the disjoint union of two uniform matroids of rank l, with IAI and IBI elements respectively, and define w in the natural way; then Theorem This would be a consequence of Conjecture 2.4 by taking M to be the uniform matroid of rank p with 2p -1 elements. With p prime, Theorem 2.6 is implied by Theorem 2.5. Incidentally, it was observed in [3] that the truth of Theorem 2.6 in general follows very easily from its truth in the prime case.
A further corollary of Theorem 2.1 is the following. 
Bases of weight zero
In this section we prove our main result, the following matroid generalization of Conjecture 1.3 for p prime. We begin with the following, which is Rado's theorem [7] applied to the collection of sets consisting of ai copies of Ai for each i . We shall use Theorem 3.2 to prove the following. Let bi (i E J) be integers such that for all Is;;; J there is a base B with I B n LJ Ail= I: b1 (modp).
iE/ iEl
Then there is a base B such that for all i E J, IB n A 1 1 ::=bi (modp).
PROOF. For each i E J there is a base B with IBnAil =bi (modp). Let ai = IB nAil. Then Theorem 3.6 implies that Conjecture 1.2 holds when p is prime. For if G is a p-connected graph, then its polygon matroid is a p-connected matroid (see [2] ).
The nonprime case
So far, none of our results implies Theorem 1.1, because our results are only for p prime, while Theorem 1.1 holds for p composite as well. The main difficulty in handling the nonprime case is that the Cauchy-Davenport theorem does not hold. However, there is a form of the latter for the nonprime case, and even for general abelian groups, due to Kneser [6], as follows. We would like to propose a conjecture generalizing Theorem 4.1 in the same way that Theorem 2.1 generalizes Theorem 2.2, the following. such that IB n Al ¥:. 0 (mod jrl) for all bases B of M. That, together with Lemma 3.5, would imply a nonprime version of Theorem 3.6; the latter would imply Conjecture 2.4, and that would imply Theorems 1.1 and 2.6. Thus, we would very much like to prove Conjecture 4.2. We can prove it if rk( M) :$ 2 (even that is non trivial, for it already contains Theorem 4.1), and we have convinced ourselves that it is true when Jrl is a power of a prime, or the product of two primes. But this last, if it is correct, will appear in a later paper.
